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We have systematically investigated the magnetic moments and magnetic form factors of the
decuplet baryons to the next-to-next-leading order in the framework of the heavy baryon chiral
perturbation theory. Our calculation includes the contributions from both the intermediate decuplet
and octet baryon states in the loops. We have also calculated the charge and magnetic dipole form
factors of the decuplet baryons. Our results may be useful to the chiral extrapolation of the lattice
simulations of the decuplet electromagnetic properties.
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I. INTRODUCTION
Chiral perturbation theory (ChPT) is a very useful framework in hadron physics in the low energy regime. ChPT
was first proposed to study the purely pseudoscalar meson system with the consistent chiral power counting scheme
[1], which enables us to calculate either a physical process or hadron property order by order. For example, the pion
pion scattering amplitude in the low energy regime can be expanded in terms of mpiΛχ and
p
Λχ
where Λχ = 4πfπ and p
is the three-momentum of the pion. In the chiral limit, mπ → 0. The above scattering amplitude converges quickly
with the soft pion momentum.
The extension of the ChPT to the matter field introduces a new large energy scale, the mass of the matter field
which does not vanish in the chiral limit. Hence this mass scale M will spoil the convergence of the chiral expansion.
To overcome this obstacle, the heavy baryon chiral perturbation theory (HBChPT) was developed [2, 3]. Within this
scheme, one also performs the heavy baryon expansion in terms of 1/M together with the chiral expansion. With
the help of HBChPT, the octet baryon masses, Compton scattering amplitudes, axial charge, various electromagnetic
form factors and many other observables have been investigated systematically [3–11].
However, because of the non-relativistic treatment of the baryon propagators, HBChPT also has its shortcomings.
To satisfy the analyticity constraints lost in the HBChPT, the covariant ChPT has been applied to the study of
several physical observables such as the pion scattering, baryon magnetic moments and axial form factors, baryon
masses [12–18]. In Ref [12], Gegelia addressed the problem of matching HBChPT to the relativistic theory. A new
renormalization scheme leading to a simple and consistent power counting in the single-nucleon sector of relativistic
chiral perturbation theory was discussed in Ref. [13]. The electromagnetic form factors of the nucleon were calculated
to order O(p4) in the relativistic chiral perturbation theory in Ref. [14]. In Ref. [15], the masses of the ground state
baryon octet and the nucleon sigma terms were discussed in the framework of manifestly Lorentz-invariant baryon
chiral perturbation theory. An analysis of the baryon octet and decuplet masses using covariant SU(3)-flavor chiral
perturbation theory up to next-to-leading order was presented in Ref. [16]. A novel analysis of the πN scattering
amplitude in Lorentz covariant baryon chiral perturbation theory renormalized in the extended-on-mass-shell scheme
have been presented in Ref. [17]. In Ref. [18], the octet-baryon axial-vector charges were studied up to O(p3) using
the covariant baryon chiral perturbation theory with explicit decuplet contributions.
Covariant ChPT also has problems in the power counting introduced by the baryon mass as a new large scale.
To combine the advantages of the relativistic and the heavy-baryon approaches, the infrared regularization was
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2proposed in Refs. [19, 20]. Kubis employed the infrared regularization scheme to analyze the electromagnetic form
factors of the nucleon to fourth order in relativistic baryon chiral perturbation theory in Refs. [21, 22]. In Ref. [23],
a systematic infrared regularization for chiral effective field theories including spin−3/2 fields was discussed. In
Ref. [24], the authors extended the method of the infrared regularization to spin−1 fields. In Refs. [25, 26], the
authors reformulated the infrared regularization of Becher and Leutwyler [20] in a form analogous to their extended
on-mass-shell renormalization scheme and calculated the electromagnetic form factors of the nucleon up to fourth order.
In Ref. [27], the authors analyzed the pion-nucleon scattering using the manifestly relativistic covariant framework of
Infrared Regularization up to O(p3) in the chiral expansion.
In the last two decades, there has been lots of investigations of the baryon properties in chiral perturbation the-
ory [28–37]. In Refs. [28, 29], the octet and decuplet baryon masses were calculated to next-to-next-to-leading order
in heavy baryon chiral perturbation theory and partially quenched heavy baryon chiral perturbation theory. The elec-
tromagnetic properties of the baryons were calculated in Refs. [30–34]. Since more and more charmed and bottomed
baryons were observed experimentally, there also has been much work on the charmed or bottomed baryons in the
last decade [38–45]. We will mainly investigate the electromagnetic properties of decuplet baryons in this work.
Historically, the experimental observation of the anomalous magnetic moment of the nucleon provides the crucial
evidence that the nucleon is not a point particle. In fact, the magnetic moment of the baryon is an equally important
observable as its mass, which encodes valuable information of its inner structure. In the past several decades, the
magnetic moments of the octet baryons have been investigated extensively [46–48]. In fact, their values have been
measured quite precisely [49]. Within the ChPT framework, the magnetic moments of the octet baryons have been
investigated by many groups [50–60].
The direct measurement of the magnetic moments of the excited baryons is difficult because of their short life.
However, their magnetic moments and other electromagnetic form factors of the short-lived states can be measured
from the polarization observables of the decay products [97], or using the phenomenon of spin rotation in crystals [98].
The study of the magnetic moments of the nucleon excited states have been planned at Mainz Microtron (MAMI)
facility [99–101] and Jefferson Laboratory [102]. These groups have already realized the very first effort in measuring
the magnetic moments.
The decuplet baryons are the spin-flavor excitations of the octet baryons. In strong contrast, the present knowledge
of the magnetic moments of the decuplet baryons is rather poor. According to PDG [49], only the Ω− magnetic
moment is measured precisely with µΩ− = (−2.02± 0.05)µN . The other members of the decuplet baryons are much
more unstable which renders the experimental measurement of their magnetic moments very challenging. After huge
efforts, the ∆++ and ∆+ magnetic moment were extracted with sizeable uncertainty, µ∆++ = (5.6 ± 1.9)µN and
µ∆+ = (2.7± 3.5)µN .
The electromagnetic properties of the decuplet baryons have been studied in various approaches such as the Skyrme
model [62–64], the cloudy-bag model [65], quark models [66, 67], QCD sum rules [68–71], chiral perturbation theory
[72–78], lattice QCD [79–82], and so on [105–107]. The magnetic dipole and electric quadrupole moments of the
decuplet baryons were computed to the next-to-leading order with chiral perturbation theory in Ref. [72], where both
the octet and decuplet baryons were included in the chiral loops. In Ref. [73], the Roper contribution to the ∆ magnetic
moments was discussed. In Refs. [74, 78], the electromagnetic properties of the decuplet baryons were calculated to
the next-to-leading order in the quenched and partially quenched chiral perturbation theory respectively. In Ref. [75],
the magnetic dipole moment of the ∆(1232) was calculated in the framework of manifestly Lorentz invariant baryon
chiral perturbation theory with the so-called extended on-mass-shell renormalization scheme. In Refs. [76, 77], the
authors studied the radiative pion photoproduction on the nucleon (γN → πNγ′) in the ∆-resonance region, with
the aim to determine the magnetic dipole moment (MDM) of the ∆+(1232). In Ref. [83], the authors have reviewed
the recent progress in understanding the nature of the ∆-resonance and its electromagnetic excitation.
In Ref. [79], the electromagnetic properties of the SU(3)-flavor decuplet baryons were examined within a quenched
lattice QCD simulation. The magnetic moments of the ∆ baryons were extracted from a lattice QCD simulation in
Ref. [80]. Techniques were developed to calculate the four electromagnetic form factors of the ∆ using lattice QCD
simulation in Refs. [81, 82], with particular emphasis on the sub-dominant electric quadrupole form factor that probes
the deformation of the ∆. The electromagnetic form factors of the Ω− baryon was studied in lattice QCD in [84].
Lattice QCD simulation can provide the electromagnetic form factors from the first principle of QCD. But it usually
gives results at large pion masses. The extrapolated values at the physical pion mass will be different with different
dependence on the pion mass [103]. With the extrapolating expressions obtained from ChPT, the electromagnetic
form factors of octet baryons simulated on the lattice are improved obviously [11, 60, 61]. Our work will also help the
extrapolation for the electromagnetic form factors of the decuplet baryons on the lattice in future.
We investigate the magnetic moments of the decuplet baryons to O(p3) within the framework of HBChPT at the
one-loop level. The O(p3) results would give some corrections to the magnetic moments of decuplet baryons as in
the case of the masses and form factors of octet baryons [53, 104]. Moreover, one cannot judge whether the chiral
expansion up to O(p2) converges or not without the numerical values of O(p3). We also discuss the charge radii and
3magnetic radii of the decuplet baryons where the short-distance low energy constant (LEC) is estimated with the help
of the vector meson dominance model and long-range part is uniquely fixed by the loop corrections.
We explicitly consider both the octet and decuplet intermediate states in the loop calculation because the mass
splitting between the octet and decuplet baryons is small. Moreover, the decuplet baryons generally couple to the octet
baryons strongly. For example, the ∆ resonance couples to the Nπ channel very strongly. We use the dimensional
regularization and modified minimal subtraction scheme to deal with the divergences from the loop corrections.
We will calculate the charge (E0), electro quadrupole (E2), magnetic dipole (M1) and magnetic octupole (M3) form
factors of the decuplet baryons in the framework of HBChPT. In the limit q2 = 0, we extract the magnetic moments
of the decuplet baryons. Since the experimental measurement of the electro quadrupole and magnetic octupole form
factors of the decuplet baryons will be extremely difficult in the coming future, we move the calculation and discussions
of these two form factors to the Appendix. In the text, we focus on the calculation of the charge and magnetic form
factors.
This paper is organized as follows. In Section II, we discuss the electromagnetic form factors of the spin- 32 particles.
We introduce the effective chiral Lagrangians of the decuplet baryon in Section III. In Section IV, we calculate the
multipole form factors of the decuplet baryons order by order. We estimate the low-energy constants in Section V.
We present our numerical results in Section VI and conclude in Section VII. We collect some useful formulae and the
coefficients of the loop corrections in the appendix.
II. THE ELECTROMAGNETIC FORM FACTORS OF THE DECUPLET BARYONS
A. The multipole form factors
When the electromagnetic current is sandwiched between two decuplet baryon states, one can write down the
general matrix elements which satisfy the gauge invariance, parity conservation and time reversal invariance [85]:
< T (p′)|Jµ|T (p) >= u¯ρ(p′)Oρµσ(p′, p)uσ(p), (1)
where
Oρµσ(p
′, p) = gρσ(A1γµ +
A2
2MT
Pµ) +
qρqσ
(2MT )2
(C1γµ +
C2
2MT
Pµ). (2)
where p and p′ are the momenta of decuplet baryons. In the above equations, P = p′ + p, q = p′ − p, MT is
decuplet-baryon mass, and uρ(p) is the Rarita-Schwinger spinor for an on-shell heavy baryon satisfying p
ρuρ(p) = 0
and γρuρ(p) = 0. A1,2 and C1,2 are real functions of q
2. In literature, there exists another definition of the tensor
Oρµσ(p
′, p) [86]
Oρµσ(p
′, p) = gρσ(a1γµ + a2Pµ) + a3(qρgµσ − gρµqσ)
+qρqσ(c1γµ + c2Pµ) + ic3γ5ǫρµσλq
λ,
(3)
where ai and ci are real functions of q
2. ǫρµσλ is the totally antisymmetric rank-4-tensor with ǫ0123 = 1. However,
the expression in Eq. (3) contains two additional terms (b term and d term) which are not linearly independent of the
other terms. For example, the tensor structure (qρgµσ − gρµqσ) is not dependent if both the initial and final decuplet
baryons are on-shell.
u¯ρ(p′) (qρgµσ − gρµqσ)uσ(p) = u¯ρ(p′)
ï
2MT (1− q
2
4M2T
)gρσγµ − gρσPµ + 1
MT
qρqσγµ
ò
uσ(p). (4)
In the following, we shall use Eq. (2) to define the charge (E0), electro quadrupole (E2), magnetic-dipole (M1) and
magnetic octupole (M3) multipole form factors of the decuplet baryons


GE0(q
2) = (1 +
2
3
τ)[A1 + (1 + τ)A2]− 1
3
τ(1 + τ)[C1 + (1 + τ)C2],
GE2(q
2) = [A1 + (1 + τ)A2]− 1
2
(1 + τ)[C1 + (1 + τ)C2],
GM1(q
2) = (1 +
4
5
τ)A1 − 2
5
τ(1 + τ)C1,
GM3(q
2) = A1 − 1
2
(1 + τ)C1,
(5)
4where τ = − q2(2MT )2 .
With q2 = 0, we obtain the charge, electro quadrupole moment, magnetic moment, magnetic octupole moment and
charge radii of the decuplet baryons etc.


GE0(0) = A1 +A2,
GE2(0) = A1 +A2 − 1
2
(C1 + C2),
GM1(0) = A1,
GM3(0) = A1 − 1
2
C1
〈r2〉 = 6dGE0(q
2)
dq2
|q2=0 .
(6)
B. The form factors in the non-relativistic limit
In the heavy baryon limit, the baryon field B can be decomposed into the large component N and the small
component H.
B = e−iMBv·x(N +H), (7)
N = eiMBv·x 1 + v/
2
B, H = eiMBv·x 1− v/
2
B, (8)
where MB is the octet-baryon mass, vµ = (1,~0) is the velocity of the baryon. For the decuplet baryon, the large
component is denoted as Tµ. Now the decuplet matrix elements of the electromagnetic current Jµ can be parameterized
as
< T (p′)|Jµ|T (p) >= u¯ρ(p′)Oρµσ(p′, p)uσ(p). (9)
The tensor Oρµσ can be parameterized in terms of four Lorentz invariant form factors.
Oρµσ(p′, p) = gρσ
ï
vµF1(q
2) +
[Sµ, Sα]
MT
qαF2(q
2)
ò
+
qρqσ
(2MT )2
ï
vµF3(q
2) +
[Sµ, Sα]
MT
qαF4(q
2)
ò
. (10)
The multipole form factors are


GE0(q
2) = (1 +
2
3
τ)[F1 + τ(F1 − F2)]− 1
3
τ(1 + τ)[F3 + τ(F3 − F4)],
GE2(q
2) = [F1 + τ(F1 − F2)]− 1
2
(1 + τ)[F3 + τ(F3 − F4)],
GM1(q
2) = (1 +
4
5
τ)F2 − 2
5
τ(1 + τ)F4,
GM3(q
2) = F2 − 1
2
(1 + τ)F4.
(11)
Accordingly, the multipole form factors at q2 = 0 lead to the charge (Q), the magnetic dipole moment (µ), the electric
quadrupole moment (Q), and the magnetic octupole moment (O):


Q = GE0(0) = F1,
Q =
e
M2T
GE2(0) =
e
M2T
(F1 − 1
2
F3),
µ =
e
2MT
GM1(0) =
e
2MT
F2,
O = e
2M3T
GM3(0) =
e
2M3T
(F2 − 1
2
F4)
〈r2E〉 = 6
dGE0(q
2)
dq2
|q2=0 .
(12)
5III. CHIRAL LAGRANGIANS
A. The strong interaction chiral Lagrangians
The pseudoscalar meson fields are introduced as follows,
φ =
à
π0 + 1√
3
η
√
2π+
√
2K+
√
2π− −π0 + 1√
3
η
√
2K0
√
2K−
√
2K¯0 − 2√
3
η
í
. (13)
In the framework of ChPT, the chiral connection and axial vector field are defined as [4, 87],
Γµ =
1
2
[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†
]
, (14)
uµ ≡ 1
2
i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†
]
, (15)
where
u2 = U = exp(iφ/f0). (16)
f0 is the decay constant of the pseudoscalar meson in the chiral limit. The experimental value of the pion decay
constant fπ ≈ 92.4 MeV while fK ≈ 113 MeV, fη ≈ 116 MeV.
The lowest order (O(p2)) pure meson Lagrangian is
L(2)ππ =
f20
4
Tr[∇µU(∇µU)†], (17)
where
∇µU = ∂µU − irµU + iUlµ. (18)
For the electromagnetic interaction,
rµ = lµ = −eQAµ, Q = diag(2
3
,−1
3
,−1
3
). (19)
The spin- 12 octet field reads
B =
à
1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 − 2√
6
Λ
í
. (20)
For the spin- 32 decuplet field, we adopt the Rarita-Schwinger field T
µ ≡ T µabc [88]:
T 111 = ∆++, T 112 =
1√
3
∆+, T 122 =
1√
3
∆0, T 222 = ∆−, T 113 =
1√
3
Σ∗+,
T 123 =
1√
6
Σ∗0, T 223 =
1√
3
Σ∗−, T 133 =
1√
3
Ξ∗0, T 233 =
1√
3
Ξ∗−, T 333 = Ω−. (21)
The leading order pseudoscalar meson and baryon interaction Lagrangians read [50, 88]
Lˆ(1)0 = Tr[B¯(iD/−MB)B]
+TrT¯ µ[−gµν(iD/ −MT ) + i(γµDµ + γνDµ)− γµ(iD/+MT )γν ]T ν, (22)
6Lˆ(1)int = C[Tr(T¯ µuµB) + Tr(B¯uµT µ)] +HTr(T¯ µgµνu/γ5T ν), (23)
where MB is octet-baryon mass, MT is decuplet-baryon mass,
DµB = ∂µB + [Γµ, B],
Dν(T µ)abc = ∂
ν(T µ)abc + (Γ
ν)da(T
µ)dbc + (Γ
ν)db (T
µ)adc + (Γ
ν)dc(T
µ)abd. (24)
We also need the second order pseudoscalar meson and decuplet baryon interaction Lagrangian.
Lˆ(2)int =
ig2
4MB
Tr(gρσT¯
ρ[uµ, uν ]σ
µνT σ), (25)
where the superscript denotes the chiral order and g2 is the coupling constant.
In the framework of HBChPT, the baryon field B is decomposed into the large component N and the small
component H. We denote the large component of the decuplet baryon as Tµ. The leading order nonrelativistic
pseudoscalar meson and baryon Lagrangians read [50]
L(1)0 = Tr[N¯ (iv ·D − δ)N ]− iT¯ µ(v ·D)Tµ, (26)
L(1)int = C(T¯ µuµN + N¯uµT µ) + 2HT¯ µSνuνTµ, (27)
where L(1)0 and L(1)int are the free and interaction parts respectively. Sµ is the covariant spin-operator. δ =MB −MT
is the octet and decuplet baryon mass splitting. In the isospin symmetry limit, δ = −0.2937 GeV. We do not consider
the mass difference among different decuplet baryons. The φNT coupling C = −1.2 ± 0.1 while the φT T coupling
H = −2.2±0.6 [89]. For the pseudoscalar mesons masses, we use mπ = 0.140 GeV, mK = 0.494 GeV, and mη = 0.550
GeV. We use the averaged masses for the octet and decuplet baryons, and MB = 1.158 GeV, MT = 1.452 GeV.
The second order nonrelativistic pseudoscalar meson and baryon Lagrangian reads,
L(2)int =
g2
2MB
Tr(gρσT¯ ρ[Sµ, Sν ][uµ, uν ]T σ), (28)
where g2 is the φφT T coupling constant to be determined. In fact, there exist several φφT T interaction terms with
other Lorentz structures. However, these additional terms do not contribute to the present investigations of the
electromagnetic form factors of the decuplet baryons. So we omit them and keep the g2 term only.
B. The electromagnetic chiral Lagrangians at O(p2)
The lowest order O(p2) Lagrangian contributes to the magnetic moments and magnetic dipole form factors of the
decuplet baryons at the tree level [50]
L(2)µT =
−i
2MB
TrT¯ µ(b− bq2∂2)F+µνT ν , (29)
where the coefficients b and bq2 are new LECs which contribute to the magnetic moments and magnetic radii of the
decuplet baryons at the tree-level respectively. The chirally covariant QED field strength tensor F±µν is defined as
F±µν = u
†FRµνu± uFLµνu†,
FRµν = ∂µrν − ∂νrµ − i[rµ, rν ], (30)
FLµν = ∂µlν − ∂ν lµ − i[lµ, lν ], (31)
where rµ = lµ = −eQAµ. The operator F±µν transforms as the adjoint representation. Recall that the direct product
10⊗ 1¯0 = 1⊕8⊕27⊕64 contains only one adjoint representation. Therefore, there is only one independent interaction
term in the O(p2) Lagrangians for the magnetic moments of the decuplet baryons.
The lowest order Lagrangians which contribute to the magnetic moments of the octet baryons at the tree level
are [53],
L(2)µN = bF
−i
4MB
TrN¯ [Sµ, Sν ][F+µν ,N ] + bD
−i
4MB
TrN¯ [Sµ, Sν ]{F+µν ,N}. (32)
7The lowest order Lagrangians which contribute to the decuplet-octet transition magnetic moments at the tree level
are
L(2)µTN = b2
−i
2MB
TrT¯ µF+µνSνN + b3
−i
2MB
TrT¯ µF+µνDνN + H.c., (33)
where b2 = 2.4 is estimated with the help of quark model. The b3 term does not contribute to the magnetic moments
of the decuplet baryons.
C. The higher order electromagnetic chiral Lagrangians
We also need the O(p3) Lagrangian which contributes to the short-distance part of the charge radii
L(3)r =
−cr
4M2T
TrT¯ ρTρvµ∂νF+µν . (34)
The O(p3) Lagrangian which contributes to the electro quadrupole moments and its radii at the tree level [72, 74]
reads
L(3)Q =
cQ
4M2T
TrT¯ {ρT σ}vµ∂ρF+µσ, (35)
where T¯ {ρT σ} = T¯ ρT σ + T¯ σT ρ − 12gρσT¯ αTα.
To calculate the magnetic moments to O(p4), we also need the O(p4) electromagnetic chiral Lagrangians at the
tree level. Recall that
10⊗ 1¯0 = 1⊕ 8⊕ 27⊕ 64, (36)
8⊗ 8 = 1⊕ 81 ⊕ 82 ⊕ 10⊕ 1¯0⊕ 27. (37)
Both F±µν and χ
+ transform as the adjoint representation. When the product F±µνχ
+ belongs to the 1, 81, 82 and
27 flavor representation, we can write down the chirally invariant O(p4) electromagnetic Lagrangians. Therefore, it
seems there should be four independent interaction terms in the O(p4) chiral Lagrangians. However, it only contains
three independent terms after considering C parity,
L(4)µ = d1
−i
2MB
Tr(T¯ µT ν)Tr(χ+F+µν)
+d2
−i
2MB
Tr(T¯ µijk(F+ iµνaχ+kl )T νajl) + d3
−i
2MB
Tr(T¯ µijk(F+µνχ+)ilT νljk). (38)
where χ+=diag(0,0,1) at the leading order and the factor ms has been absorbed in the LECs d1,2,3.
There is one more term which contributes to the decuplet magnetic moments,
L′(4)µ = b′
−i
2MB
Tr(T¯ µF+µνT ν)Tr(χ+). (39)
However, its contribution can be absorbed through the renomalization of the LEC b, i.e.
b→ b +Tr(χ+)b′. (40)
The O(p4) Lagrangian which contributes to the magnetic octupole moments and its radii at the tree level is
constructed as
L(4)O =
−dO
8M3T
TrT¯ {ρT σ}σµν∂ν∂ρF+µσ. (41)
IV. FORMALISM UP TO ONE-LOOP LEVEL
We apply the standard power counting scheme of HBChPT. The chiral order Dχ of a given diagram is given by [90]
Dχ = 4NL − 2IM − IB +
∑
n
nNn, (42)
8FIG. 1: The O(p2) and O(p4) tree level diagram. The left dot and the right black square represent second- and fourth-order
couplings respectively.
where NL is the number of loops, IM is the number of internal pion lines, IB is the number of internal octet or
decuplet nucleon lines and Nn is the vertices from the nth order Lagrangians. As an example, we consider the
one-loop diagram a in Fig. 2. First of all, the number of independent loops NL = 1, the number of internal pion
lines IM = 1, the number of internal octet or decuplet nucleon lines IB = 2. For N1 = 2, and N2 = 1 we obtain
Dχ = 4− 2− 2 + 2 + 2 = 4.
We use Eq. (42) to count the chiral order Dχ of the matrix element of the current, eOρµσ. We count the unit charge
e as O(p1). The chiral orders of F1, F2, F3, and F4 are (Dχ− 1), (Dχ− 2), (Dχ− 3), and (Dχ− 4), respectively, since
eOρµσ ∼ ep0F1 + ep1F2 + ep2F3 + ep3F4. (43)
The chiral order of magnetic dipole moments µ is (Dχ − 1) based on Eq. (12).
A. The magnetic moments
Throughout this work, we assume the exact isospin symmetry with mu = md. The tree-level Lagrangians in Eqs.
(29),(38) contribute to the decuplet magnetic moments at O(p1) and O(p3) as shown in Fig. 1. The Clebsch-Gordan
coefficients for the various decuplet states are collected in Table I. All decuplet magnetic moments are given in terms
of the LECs b, d1, d2 and d3. There exist several interesting relations,
2µtreeΣ0 = µ
tree
Σ+ + µ
tree
Σ− ,
2µtreeΣ0 = µ
tree
∆0 + µ
tree
Ξ0 ,
2µtreeΣ− = µ
tree
Ξ− + µ
tree
∆− ,
µtreeΩ− = µ
tree
Σ− + µ
tree
Ξ− − µtree∆− . (44)
There are twelve Feynman diagrams at one-loop level as shown in Fig. 2 and we divide them into six types (a-f)
according to the structure. All the vertices in these diagrams come from Eqs. (17),(26-33). In diagram a, the meson
vertex is from the strong interaction terms in Eq. (27) while the photon vertex from the O(p2) tree level magnetic
moment interaction in Eqs. (29),(32),(33). In diagram b, the photon-meson-baryon vertex is also from the O(p2) tree
level magnetic moment interaction in Eq. (29). In diagram c, the two vertices are from the strong interaction and
seagull terms respectively. In diagram d, the meson vertex is from the strong interaction terms while the photon
vertex is from the meson photon interaction term in Eq. (17). In diagram e, the meson-baryon vertex is from the
second order pseudoscalar meson and baryon Lagrangian in Eq. (28) while the photon vertex is also from the meson
photon interaction term. In diagram f, the meson vertex is from the strong interaction terms while the photon vertex
from the O(p2) tree level magnetic moment interaction.
The diagrams a, b, e and f contribute to the tensor eOρµσ at O(p4) while the diagram d contributes at O(p3). The
diagram c vanishes in the heavy baryon mass limit. If the intermediate baryon is a decuplet (or octet) state, the
amplitude of the diagram c is denoted as Jc(T ) (or Jc(N )). We have
Jc(T ) ∝
∫
ddl
(2π)d
i
l2 −m2φ + iǫ
gH(S · l)
f0
−iP 3/2ρσ
v · l + iǫSµ (45)
∝ S · v = 0,
Jc(N ) ∝
∫
ddl
(2π)d
i
l2 −m2φ + iǫ
gHlσ
f0
i
v · l− ω + iǫgµρ (46)
∝ gµρvσ,
where P
3/2
ρσ is the non-relativistic spin-
3
2 projector. Jc(T ) vanishes, and Jc(N ) also vanishes since vσu
σ = 0. In other
words, this diagram does not contribute to the magnetic moments of the decuplet baryons in the leading order of the
heavy baryon expansion.
9a(T ) a(N ) a(NT )
c(N )c(T )b
d(N ) e f(T )
d(T )
f(N )
a(T N )
FIG. 2: The one-loop diagrams where the decuplet (octet) baryon is denoted by the double (single) solid line. The dashed and
wiggly lines represent the pseudoscalar meson and photon respectively. For the wave function renormalization in diagram f,
only representative graphs are shown. We do not also list the adjoint graphs for diagram c.
For diagram c, there are two adjoint graphs in which the photon moves from the left vertex to the right one. There
are also two adjoint graphs for diagram f. We include the contributions from the adjoint graphs in our results. We
use diagram f to indicate the corrections from the renormalization of the external leg where Lehmann-Symanzik-
Zimmermann reduction formula is used.
The leading-order loop contributions to the multipole form factors are
F
(2,loop)
1 =
∑
φ=π,K
{H
2βφT
f2φ
[
1
4
q2(2nII04φ + 2n
III0
4φ ) +
5
6
nIII013φ +
1
3
(
q2
2MT
)nII01φ] +
C2βφN
4f2φ
[2nIII13φ + (−
q2
2MT
)nII1φ]}, (47)
F
(1,loop)
2 =
∑
φ=π,K
{H
2βφT
f2φ
[−MT
3
(1 +
q2
4M2T
)]nII01φ +
C2βφN
f2φ
[−MT
2
(1 − q
2
4M2T
)]nII1φ}, (48)
F
(0,loop)
3 =
∑
φ=π,K
{H
2βφT
f2φ
−1
3
[4M2T (2n
II0
4φ + 2n
III0
4φ ) + 4MTn
II0
1φ] +
C2βφN
4f2φ
[4M2T (2n
II
4φ + 2n
III
4φ) + 4MTn
II
1φ]}, (49)
F
(−1,loop)
4 = 0. (50)
where nII1φ, n
II
4φ, n
III
4φ, n
III
13φ are n
II
1 , n
II
4 , n
III
4 , n
III
13, respectively, defined in the appendix A with m = mφ and ω = δ. When
ω = 0, they become nII01φ, n
II0
4φ, n
III0
4φ , n
III0
13φ. The coefficients β
φ
T and β
φ
N arise from the decuplet and octet intermediate
states respectively. We use the number n within the parenthesis in the superscript of X(n,...) to indicate the chiral
order of X .
The tensor eOρµσ at O(p3) should contribute to F4 at O(p−1). However, such contribution is 0 from Eq. (50).
Moreover, all the loop diagrams in Fig. 2 do not contribute to F4 up to O(p0). Therefore, in our case F4 = F (0,tree)4 ∼
dOQ. If one tries to obtain the next-to-leading order correction of F4, eOρµσ at O(p5) must be systematically
considered.
Summing all the contributions in Fig. 2, the leading and next-to-leading order loop corrections to the decuplet
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magnetic moments can be expressed as
µ
(2,loop)
T =
e
2MT
∑
φ=π,K
[−1
3
H2MTdT β
φ
T
f2φ
− 1
2
C2MT β
φ
N
f2φ
dN ], (51)
µ
(3,loop)
T =
e
2MT

 ∑
φ=π,K
(γφb + γ
φ
e )
m2φ
8π2f2φ
ln
mφ
λ
−
∑
φ=π,K,η
(
2
3f2φ
5bH2
12
aT γ
φ
aT +
C2
16f2φ
aNγ
φ
aN −
b2CH
3δf2φ
aT Nγ
φ
aT N )


+
∑
φ=π,K,η
(
5H2
12
µ
(1)
T
f2φ
aT γ
φ
fT −
µ
(1)
T
4f2φ
C2aNγφfN ), (52)
where λ = 1 GeV is the renormalization scale. γφaT , γ
φ
aN , γ
φ
aT N , γ
φ
b , γ
φ
e , γ
φ
fT and γ
φ
fN arise from the corresponding
diagrams in Fig. 2. We collect their explicit expressions in Tables V, VI, VII in the Appendix B.
dT =
mφ
16π
, (53)
dN =
1
16π2


δ
Ç
log
m2φ
λ2
− 1
å
− 2
»
δ2 −m2φ
Å
arccosh
Å−δ
mφ
ã
− iπ
ã
φ = π
δ
Ç
log
m2φ
λ2
− 1
å
+ 2
»
m2φ − δ2 arccos
Å
− δ
mφ
ã
φ = K, η
, (54)
aT = −
m2φ
8π2
ln
mφ
λ
, (55)
aN =
1
16π2


(
m2φ − 2δ2
)
log
Ç
m2φ
λ2
å
+ 4δ
»
δ2 −m2φ
Å
arccosh
Å−δ
mφ
ã
− iπ
ã
+ 2δ2 φ = π
(
m2φ − 2δ2
)
log
Ç
m2φ
λ2
å
− 4δ
»
m2φ − δ2 arccos
Å
− δ
mφ
ã
+ 2δ2 φ = K, η
, (56)
aT N =
1
144π2
ñ(
6δ3 − 9m2φδ
)
log
Ç
m2φ
λ2
å
+ 2
(
3πm3φ + 6m
2
φδ − 5δ3
)ô
− 1
12π2


(
δ2 −m2φ
)3/2 Å
arccosh
Å−δ
mφ
ã
− iπ
ã
φ = π
(
m2φ − δ2
)3/2
arccos
Å
− δ
mφ
ã
φ = K, η
. (57)
With the low energy counter terms and loop contributions (51, 52), we obtain the magnetic moments,
µT =
¶
µ
(1)
T
©
+
¶
µ
(2,loop)
T
©
+
¶
µ
(3,tree)
T + µ
(3,loop)
T
©
(58)
where µ
(1)
T and µ
(3,tree)
T is the tree-level magnetic moments as shown in Table I.
B. The electromagnetic form factors and the radii
From the tensor eOρµσ up to O(p4), the magnetic dipole form factor with the corrections at the next-to-next-leading
order is
GM1(q
2) =
¶
F
(0)
2
©
+
¶
F
(1,loop)
2 − F (rec,loop)2
©
+
¶
Qb˜q2q
2 + F
(2)
2 + F
(rec,loop)
2
©
, (59)
where the terms in the first, second, and the third curly braces are GM1 at the leading, next-to-leading, and next-to-
next-leading order, respectively. Here F
(0)
2 = 2MTµ
(1)
T /e, F
(2)
2 = 2MT (µ
(3,tree)
T + µ
(3,loop)
T )/e, and
F
(rec,loop)
2 = −
q2
4MT
∑
φ=π,K
(
H2βφT
3f2φ
nII01φ −
C2βφN
2f2φ
nII1φ). (60)
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The other multipole form factors are
GE0(q
2) = {Q}+
ß
Qc˜rq
2 + F
(2,loop)
1 −
1
3
τF
(0,loop)
3
™
, (61)
GE2(q
2) =
ß
Qc˜Q − 1
2
F
(0,loop)
3
™
, (62)
GM3(q
2) = Qd˜O. (63)
where b˜q2 , c˜r, c˜Q, and d˜O are the linear combinations of LECs b, bq2 , cr, cQ, and dO. We can estimate the LECs b˜q2
and c˜r with the SU(3) VMD model as shown in Section VA. However, the LECs c˜Q and d˜O are still unknown for the
electro quadrupole and magnetic octupole form factors. Hence we do not list the loop corrections to these multipole
form factors at higher order.
The charge and magnetic radii of the decuplet baryons can be expressed as
〈r2E〉 = 6
dGE0(q
2)
dq2
|q2=0= 〈r2E〉tree + 〈r2E〉loop = [6Qc˜r] + 6[
dF
(2,loop)
1
dq2
|q2=0 + 1
12M2T
F
(0,loop)
3 (0)], (64)
〈r2M 〉 =
6
GM1(0)
dGM1(q
2)
dq2
= 〈r2M 〉tree + 〈r2M 〉loop =
6
GM1(0)
Qb˜q2 +
6
GM1(0)
dF
(1,loop)
2
dq2
|q2=0 . (65)
For the neutral decuplet baryons, we normalize the magnetic radii as
〈r2M 〉 = 6
dGM1(q
2)
dq2
. (66)
V. ESTIMATION OF THE LOW ENERGY CONSTANTS
A. The vector meson dominance model and estimation of some LECs
To calculate the tree level charge radii and magnetic radii, we can use the vector meson dominance (VMD) model
to estimate the short-distance contribution.
FIG. 3: The contribution to tree level charge radii from the vector meson dominance model. The double-solid, the double-dashed
and wiggly lines represent the decuplet baryons, the vector meson and photon respectively.
It is well-known that the charge radii of the proton and pion are dominated by the short-distance contribution,
which can be estimated very well by the VMD model. In this work, we use this model to estimate the LECs c˜r and
b˜q2 which are related to the charge and magnetic radii of the decuplet baryons, respectively. Within this framework,
the virtual photon transforms into a virtual vector meson which couples to the decuplet baryons as shown in Fig. 3.
It is convenient to adopt the antisymmetric Lorentz tensor field formulation for the vector meson [94, 95], which
has six degrees of freedom. But we can dispose of three of them in a systematic way. For details see Ref. [94]. The
kinetic and mass term of the effective Lagrangian for the vector meson has the form [94, 95]
L0W = −1
2
Tr(∂µWµν∂σW
σν) +
1
4
Tr(M2VWµνW
µν), (67)
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where
Wµν =
à
ρ0√
2
+ ω√
2
ρ+ K∗+
ρ− − ρ0√
2
+ ω√
2
K∗0
K∗− K¯∗0 φ
í
µν
. (68)
The QED gauge-invariant interaction between the photon and vector meson can be written as
L(2)W =
fV
2
√
2
Tr(WµνF+µν). (69)
The vector meson and decuplet baryon interaction Lagrangian reads
L(1)WT = gV T Tr[T¯α(
1
MV
γµ∇νWµν − κ
2
σµνWµν)Tα]. (70)
Under the SU(3) symmetry, the charge form factor and charge radii of the decuplet baryons are
GVMDE0 (q
2) = Q
gV T fV√
2MV
q2
−q2 +M2V
, (71)
〈r2E〉tree ≈ 〈r2E〉VMD = 6
dGVMDE0 (q
2)
dq2
|q2=0 = 6QgV T fV√
2
1
M3V
. (72)
The magnetic-dipole form factor and magnetic radii of the decuplet baryons are
GVMDM1 (q
2) = Q
gV T fV√
2MV
q2
−q2 +M2V
−
√
2κQgV T fV
MT
−q2 +M2V
, (73)
〈r2M 〉tree ≈ 〈r2M 〉VMD =
6
GM1(0)
dGVMDM1 (q
2)
dq2
|q2=0 = 6Q
GM1(0)
[
gV T fV√
2M3V
+
GVMDM1 (0)
M2VQ
]. (74)
Now the LECs c˜r and b˜q2 read
c˜r =
gV T fV√
2M3V
, (75)
b˜q2 =
gV T fV√
2M3V
+
GtreeM1 (0)
M2VQ
. (76)
In the numerical analysis, we use Mρ = 770.0± 0.3 MeV, fρ = fV = 152.5± 16.5 MeV, gV T ≈ gρN = 4.0± 0.4 [21],
where we have considered the quark model error around 10% in Section VB.
B. Quark model and estimation of some couplings
Comparing the matrix elements at both the hadron and quark level, one can express the couplings in terms of the
constituent quark masses and/or other known hadron couplings. To estimate gV T , we first consider the ∆+∆+ρ0 and
ppρ0 vertices at the hadron level,
L∆+∆+ρ0 = gV T√
2MV
∆¯+
α
γµ∂νρ0µν∆
+
α , (77)
Lppρ0 = gρN√
2MV
p¯γµ∂νρ0µνp. (78)
At the quark level, the quark vector meson interaction reads
Lqqρ0 = gqqρq¯aγµ∂νρ0µνqa. (79)
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With the help of the flavor wave functions of the static ∆+ and p states, we obtain the matrix elements at the hadron
level
〈∆+ | iL∆+∆+ρ0 | ∆+; ρ0〉 = gV T√
2MV
2m∆+q
µ
ρ ǫµ0, (80)
〈p | iLppρ0 | p; ρ0〉 = gρN√
2MV
2mpq
µ
ρ ǫµ0, (81)
and at the quark level,
〈∆+ | iLqqρ0 | ∆+; ρ0〉 = 2gqqρ(2mu +md)qµρ ǫµ0, (82)
〈p | iLqqρ0 | p; ρ0〉 = 2gqqρ(2mu +md)qµρ ǫµ0, (83)
Comparing the hadron and quark level matrix element and neglecting the mass difference between p and ∆+, we
finally obtain
gV T = gρN . (84)
In the same way, one can estimate the LEC b2 by comparing Σ
∗0 → Λ+ γ matrix element at both the hadron and
quark level with the Lagrangians
L(2)Σ∗0→Λ+γ = −
b2
4MB
Σ¯∗0µγνγ5ΛFµν , (85)
and
LIm = −e
4
(
2
3mu
u¯σµνu− 1
3md
d¯σµνd− 1
3ms
s¯σµνs)Fµν . (86)
We obtain
b2 = 4MB
…
3
2
(
1
3
√
6mu
+
1
6
√
6md
) = 3.45± 0.35. (87)
with mu = md = 336± 34 MeV [96], where we have considered the quark model error around 10%.
VI. NUMERICAL RESULTS AND DISCUSSIONS
We collect our numerical results of the magnetic moments of the decuplet baryons to the next-to-next-leading order
in Table I. We also compare the numerical results of the magnetic moments when the chiral expansion is truncated
at orders O(p1), O(p2) and O(p3) respectively in Table II.
At the leading order O(p1), there is only one unknown low energy constant b. We use the precise experimental
measurement of the Ω− magnetic moment µΩ− = (−2.02± 0.05)µN as input to extract b = 3.03± 0.08. The magnetic
moments of the other decuplet baryons are given in the second column in Table II. Notice that the O(p1) tree level
magnetic moments of the neutral baryons ∆0, Σ∗0 and Ξ∗0 vanish. In the limit of the exact SU(3) flavor symmetry,
there exits only one independent term for the magnetic interaction in the O(p2) Lagrangian of the decuplet baryons
due to the constraint of the decuplet flavor structure. Therefore, the leading order O(p1) magnetic moments of the
decuplet baryons are proportional to their charge, which is in strong contrast with the case of the octet baryons. The
magnetic moments of the neutral octet baryons do not vanish at the leading order because there exist two independent
magnetic interaction terms as illustrated in Refs. [50, 53].
Up to O(p2), we need include both the leading tree-level magnetic moments and the O(p2) loop corrections. At
this order, all the coupling constants are well-known. There do not exist new LECs. Again, we use the experimental
value of the Ω− magnetic moment µΩ− = (−2.02± 0.05)µN as input to extract the LEC b = 6.3 ± 0.1. We list the
numerical results in the third column in Table II, where the errors in the brackets are dominated by the errors of the
coupling constants C,H in Eq. (27).
It’s interesting to notice that the magnetic moment of Σ∗0 still vanishes even at O(p2). The reason is as follows.
Throughout our calculation, we neglect the mass difference among different decuplet baryons in the loop and have
used the same propagator
−iP 3/2ρσ
v·q+iǫ for all the decuplet baryons. In the case of the Σ
∗0 magnetic moment, the loop
contributions from different intermediate states cancel each other. I.e., the pion loop contributions with the inter-
mediate baryons Σ∗+ and Σ∗−, Σ+ and Σ− cancel each other due to the exact SU(2) flavor symmetry. The kaon
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baryons O(p1) tree O(p2) loop O(p3) tree O(p3) loop total
∆++ 4
3
b −3.54 − 2
3
d1 0.49− 0.50b − 0.02bD − 0.07bF − 0.36g2 4.97(89)
∆+ 2
3
b −1.91 − 2
3
d1 0.22− 0.21b − 0.01bD − 0.04bF − 0.27g2 2.60(50)
∆0 0 −0.29 − 2
3
d1 −0.27 + 0.06b + 0.001bD − 0.001bF − 0.18g2 0.02(12)
∆− − 2
3
b 1.34 − 2
3
d1 −0.32 + 0.20b + 0.01bD + 0.02bF − 0.14g2 -2.48(32)
Σ∗+ 2
3
b −1.63 − 2
3
d1 − 29d2 +
4
9
d3 0.17− 0.50b − 0.001bD − 0.04bF − 0.33g2 1.76(38)
Σ∗0 0 0 − 2
3
d1 − 29d2 +
1
9
d3 −0.02 − 0.001bD − 0.24g2 -0.02(3)
Σ∗− − 2
3
b 1.63 − 2
3
d1 −
2
9
d2 −
2
9
d3 −0.27 + 0.50b − 0.001bD + 0.04bF − 0.15g2 -1.85(38)
Ξ∗0 0 0.29 − 2
3
d1 −
4
9
d2 +
2
9
d3 −0.21− 0.06b + 0.01bD + 0.001bF − 0.30g2 -0.42(13)
Ξ∗− − 2
3
b 1.91 − 2
3
d1 −
4
9
d2 −
4
9
d3 −0.22 + 0.60b − 0.001bD + 0.04bF − 0.21g2 -1.90(47)
Ω− − 2
3
b 2.20 − 2
3
d1 − 23d2 −
2
3
d3 0.17 + 0.65b + 0.01bD + 0.02bF − 0.27g2 -2.02(5)
TABLE I: The magnetic moments of the decuplet baryons to the next-to-next-leading order (in unit of µN ).
baryons O(p1) O(p2) O(p3) PDG
∆++ 4.04(10) 4.90(84) 4.97(89) 5.6±1.9
∆+ 2.02(5) 2.31(47) 2.60(50) 2.7 ± 3.5
∆0 0 −0.29(11) 0.02(12)
∆− −2.02(5) −2.88(27) -2.48(32)
Σ∗+ 2.02(5) 2.59(37) 1.76(38)
Σ∗0 0 0 -0.02(3)
Σ∗− −2.02(5) −2.59(37) -1.85(38)
Ξ∗0 0 0.29(11) -0.42(13)
Ξ∗− −2.02(5) −2.31(47) -1.90(47)
Ω− −2.02(5) −2.02(5) -2.02(5) -2.02 ±0.05
TABLE II: The magnetic moments of the decuplet baryons when the chiral expansion is truncated at O(p1), O(p2) and O(p3)
respectively (in unit of µN ).
loop contributions with the intermediate baryons ∆+ and Ξ∗−, p and Ξ− cancel each other due to the SU(3) flavor
symmetry. Hence, the magnetic moment of Σ∗0 is zero to O(p2) in Table II.
Up to O(p3), there are seven unknown LECs: bD,F , b, g2, d1,2,3. The first two LECs were extracted in the
calculation of the magnetic moments of the octet baryons in Ref. [53]: bD = 3.9, bF = 3.0. We use the experimental
value of the Ω− magnetic moment, the magnetic moments of the ∆ baryons in Ref. [80] (µ∆++ = 4.99± 0.56, µ∆+ =
2.49± 0.27, µ∆0 = 0.06± 0.00, µ∆− = −2.45± 0.27) and µΣ∗0 = 0 to extract the remaining five LECs: b = 6.8± 0.4,
g2 = −13.7± 0.1, d1 = 3.5 ± 0.1, d2 = −1.5 ± 0.1, d3 = 4.3 ± 0.1. We list the numerical results up to O(p3) in the
fourth column in Table II after taking the uncertainties of these inputs into consideration. In the error analysis, we
use the least χ2 fitting tool of the TMinuit software package to get the errors of fitting. To get the total errors of the
O(p3) magnetic moments, we have considered the errors of the coupling constants C,H, the error of coupling constant
b2 and the errors of fitting.
In order to study the convergence of the chiral expansion, we show the numerical results at each order for the
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〈r2E〉/fm
2 VMD chiral correction total value 〈r2M 〉/fm
2 VMD chiral correction total value
∆++ 0.44(20) 0.16(6) 0.60(21) ∆++ 0.46(11) 0.15(10) 0.61(15)
∆+ 0.22(10) 0.07(3) 0.29(10) ∆+ 0.46(11) 0.18(8) 0.64(14)
∆0 0 -0.02(1) -0.02(1) ∆0 0 0.07(12) 0.07(12)
∆− -0.22(10) -0.11(5) -0.33(11) ∆− 0.46(11) 0.09(15) 0.55(19)
Σ∗+ 0.22(10) 0.09(4) 0.31(11) Σ∗+ 0.46(11) 0.13(12) 0.59(16)
Σ∗0 0 0 0 Σ∗0 0 0 0
Σ∗− -0.22(10) -0.09(4) -0.31(11) Σ∗− 0.46(11) 0.13(12) 0.59(16)
Ξ∗0 0 0.02(1) 0.02(1) Ξ∗0 0 -0.07(12) -0.07(12)
Ξ∗− -0.22(10) -0.07(3) -0.29(10) Ξ∗− 0.46(11) 0.18(8) 0.64(14)
Ω− -0.22(10) -0.05(2) -0.27(10) Ω− 0.46(11) 0.24(4) 0.70(12)
TABLE III: Charge radii and magnetic radii (in fm2).
decuplet magnetic moment:
µ∆++ = 9.0(1− 0.39− 0.06) = 4.97,
µ∆+ = 4.5(1− 0.43 + 0.01) = 2.60,
µ∆0 = −0.29(0 + 1− 1.06) = 0.02,
µ∆− = −4.5(1− 0.30− 0.15) = −2.48,
µΣ∗+ = 4.5(1− 0.36− 0.25) = 1.76,
µΣ∗0 = 0 + 0− 0.02,
µΣ∗− = −4.5(1− 0.36− 0.23) = −1.85,
µΞ∗0 = 0.29(0 + 1− 2.44) = −0.42,
µΞ∗− = −4.5(1− 0.43− 0.15) = −1.90,
µΩ− = −4.5(1− 0.49− 0.06) = −2.02. (88)
For the neutral decuplet baryons, their magnetic moments vanish at O(p1). Their total magnetic moments arise from
the loop contributions at O(p2,3) and the tree-level LECs d1,2,3 at O(p3) which are related to the strange quark mass
correction. For the charged baryons, one observes rather good convergence of the chiral expansion and the leading
order term dominates in these channels.
In order to illustrate the variation of the multipole form factors with the photon momentum q, we show the q˜2 = −q2
dependence of the electric charge and magnetic dipole form factors to O(p3) in Figs. 4-5, where we have used the
SU(3) VMD model to estimate the LEC bq2 and cr as shown in Eqs. (29),(34).
In Fig. 4 or Fig. 5, we notice that there is not much difference between the slopes of the curves. They should
be exactly the same for different decuplet baryons if only the tree-level contributions are considered. The difference
arises from the loop correction.
The electric quadrupole form factors GE2(q
2) contain interesting information on the deformation of decuplet
baryons. c˜Q cannot be determined because of the lack of experimental data. But the c˜Q term does not change
with q2. We list the normalized F
(0,loop)
3 (−q˜2) in Fig. 6 to indicate the variation of GE2(q2).
In Table III we show numerical results for the charge radii and magnetic radii of the decuplet baryons. One can
check that the charge radii estimated from the VMD model are proportional to the charge Q of the decuplet baryons,
while the magnetic radii estimated from the VMD model are the same for different baryons. In the error analysis, the
errors of VMD radii are dominated by the input parametersMρ, fV , gV T and their propagation. The chiral correction
radii are dominated by the errors of the coupling constants C,H in Eq. (27).
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FIG. 4: The variation of the normalized electric charge form factor GE0(−q˜
2) with q˜2 = −q2 > 0.
VII. CONCLUSIONS
In short summary, we have systematically studied the magnetic moments of the decuplet baryons up to the next-
to-next-leading order in the framework of the heavy baryon chiral perturbation theory. With both the octet and
decuplet baryon intermediate states in the chiral loops, we have systematically calculated the chiral corrections to the
magnetic moments of the decuplet baryons order by order. The chiral expansion converges rather well for the charged
channels. In Table IV, we compare our results obtained in the HBChPT with those from other model calculations
such as lattice QCD [79], chiral quark model [92], non relativistic quark model [91], QCD sum rules [69], large Nc [93],
covariant ChPT [78] and next-to-leading order HBChPT [72]. We also list the experimental values in the PDG [49].
One may observe the qualitatively similar features for the magnetic moments of the decuplet baryons.
Because of the SU(3) flavor symmetry, there is one independent low energy constant at the leading order. Hence,
the magnetic moments of the decuplet baryons are proportional to their charge. Therefore, the magnetic moments of
the neutral decuplet baryons vanish at O(p1), which differs from the case of the neutral octet baryons. There exist
two independent magnetic interaction terms for the octet baryons, which ensures a large magnetic moment for the
neutron at the leading order.
For the magnetic moment of the Σ∗0, the pion loop contributions with the Σ∗+ and Σ∗−, Σ+ and Σ− intermediate
states cancel each other exactly in the SU(2) symmetry limit. The kaon loop contributions with the ∆+ and Ξ∗−,
p and Ξ− intermediate states cancel each other exactly in the SU(3) symmetry limit. The magnetic moment of Σ∗0
vanishes even at O(p2) with SU(3) symmetry. The non-vanishing SU(3) breaking corrections first appear at O(p3).
In other words, the SU(3) flavor symmetry demands that the magnetic moment of Σ∗0 be significantly smaller than
those of the charged decuplet baryons.
We hope that the magnetic moments of the decuplet baryons will be measured experimentally in future experiments.
Moreover, the analytical expressions derived in this work may be useful to the possible chiral extrapolation of the
lattice simulations of the decuplet electromagnetic properties in the coming future.
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with q˜2.
baryons ∆++ ∆+ ∆0 ∆− Σ∗+ Σ∗0 Σ∗− Ξ∗0 Ξ∗− Ω−
LQCD [79] 6.09 3.05 0 -3.05 3.16 0.329 -2.50 0.58 -2.08 -1.73
ChQM [92] 6.93 3.47 0 -3.47 4.12 0.53 -3.06 1.10 -2.61 -2.13
NQM [91] 5.56 2.73 -0.09 -2.92 3.09 0.27 -2.56 0.63 -2.2 -1.84
QCD-SR [69] 4.1 2.07 0 -2.07 2.13 -0.32 -1.66 -0.69 -1.51 -1.49
large Nc [93] 5.9 2.9 — -2.9 3.3 0.3 -2.8 0.65 -2.30 -1.94
covariant ChPT [78] 6.04 2.84 -0.36 -3.56 3.07 0 -3.07 0.36 -2.56 -2.02
HBChPT [72] 4.0 2.1 -0.17 -2.25 2.0 -0.07 -2.2 0.10 -2.0 -1.94
PDG [49] 5.6±1.9 2.7 ± 3.5 — — — — — — — -2.02 ±0.05
this work 4.97(89) 2.60(50) 0.02(12) -2.48(32) 1.76(38) -0.02(3) -1.85(38) -0.42(13) -1.90(47) -2.02(5)
TABLE IV: Comparison of the magnetic moments of the decuplet baryons in literature including lattice QCD(LQCD) [79],
chiral quark model(ChQM) [92], non relativistic quark model(NQM) [91], QCD sum rules(QCD-SR) [69], large Nc [93], covariant
ChPT [78], next-to-leading order HBChPT [72] and PDG [49](in unit of µN ).
program.
Appendix A: Integrals and loop functions
We collect some common integrals and loop functions in this appendix.
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with q˜2.
1. The integrals with one or two meson propagators
∆ = i
∫
ddl λ4−d
(2π)d
1
l2 −m2 = 2m
2(L(λ) +
1
32π2
ln
m2
λ2
), (A1)
L(λ) =
λd−4
16π2
[
1
d− 4 −
1
2
(ln 4π + 1 + Γ′(1))]. (A2)
I0(q
2) = i
∫
ddl λ4−d
(2π)d
1
(l2 −m2 + iǫ)((l + q)2 −m2 + iǫ)
=


− 1
16π2
(1− ln m
2
λ2
− r ln |1 + r
1− r |) + 2L(λ)
(
q2 < 0
)
− 1
16π2
(1− ln m
2
λ2
− 2r arctan 1
r
) + 2L(λ) (0 < q2 < 4m2)
− 1
16π2
(1− ln m
2
λ2
− r ln |1 + r
1− r |+ iπr) + 2L(λ) (q
2 > 4m2)
, (A3)
where r =
√|1− 4m2/q2|.
2. The integrals with one baryon propagator and one meson propagator
i
∫
ddl λ4−d
(2π)d
[1, lα, lαlβ]
(l2 −m2 + iǫ)(ω + v · l + iǫ) = [J0(ω), vαJ1(ω), gαβJ2(ω) + vαvβJ3(ω)], ω = v · r + δ (A4)
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J0(ω) =


−ω
8π2
(1− ln m
2
λ2
) +
√
ω2 −m2
4π2
(arccosh
ω
m
− iπ) + 4ωL(λ) (ω > m)
−ω
8π2
(1− ln m
2
λ2
) +
√
m2 − ω2
4π2
arccos
−ω
m
+ 4ωL(λ) (ω2 < m2)
−ω
8π2
(1− ln m
2
λ2
)−
√
ω2 −m2
4π2
arccosh
−ω
m
+ 4ωL(λ) (ω < −m)
(A5)
J1(ω) = −ωJ0(ω) + ∆ (A6)
J2(ω) =
1
d− 1[(m
2 − ω2)J0(ω) + ω∆] (A7)
J3(ω) = −ωJ1(ω)− J2(ω) (A8)
3. The integrals with two baryon propagators and one meson propagator
i
∫
ddl λ4−d
(2π)d
[1, lα, lαlβ]
(l2 −m2 + iǫ)(v · l + iǫ)(ω + v · l + iǫ) = [Γ0(ω), vαΓ1(ω), gαβΓ2(ω) + vαvβΓ3(ω)] ω 6= 0 (A9)
Γi(ω) =
1
ω
[Ji(0)− Ji(ω)] (A10)
i
∫
ddl λ4−d
(2π)d
[1, lα, lαlβ ]
(l2 −m2 + iǫ)(ω + v · l + iǫ)2 = −[
∂
∂ω
J0(ω), vα
∂
∂ω
J1(ω), gαβ
∂
∂ω
J2(ω) + vαvβ
∂
∂ω
J3(ω)] (A11)
4. The integrals with one baryon propagator and two meson propagators
i
∫
ddl λ4−d
(2π)d
[1, lα, lαlβ , lν lαlβ ]
(l2 −m2 + iǫ)((l + q)2 −m2 + iǫ)(ω + v · l + iǫ) = [L0(ω), Lα, Lαβ , Lναβ], v · q = 0
L0(ω) =


−1
8π2
1√
ω2 −m2 (arccosh
ω
m
− iπ) (ω > m)
1
8π2
1√
m2 − ω2 arccos
−ω
m
(ω2 < m2)
1
8π2
1√
ω2 −m2 arccosh
−ω
m
(ω < −m)
. (A12)
Lα = n
I
1qα + n
I
2vα (A13)
Lαβ = n
II
1gαβ + n
II
2qαqβ + n
II
3vαvβ + n
II
4vαqβ + n
II
5qαvβ (A14)
Lναβ = n
III
1 qνqαqβ + n
III
2 qνqαvβ + n
III
3 qνqβvα + n
III
4 qαqβvν + n
III
5 qνgαβ
+nIII6 qβgνα + n
III
7 qαgνβ + n
III
8 qνvαvβ + n
III
9 qαvνvβ + n
III
10qβvνvα
+nIII11gνβvα + n
III
12gναvβ + n
III
13gαβvν + n
III
14vνvαvβ (A15)
5. The explicit expressions of the scalar functions
nI1 = −
L0
2
nI2 = I0 − L0ω
nII1 =
−4I0ω − 2J0 + q2L0 − 4L0m2 + 4L0ω2
8− 4d
nII2 =
2(d− 3)J0 + (d− 1)q2L0 − 4
(
I0ω + L0m
2 − L0ω2
)
4(d− 2)q2
nII3 =
−4 (dI0ω − dL0ω2 − I0ω + L0m2 + Lω2)− 2J0 + q2L0
4(d− 2)
nII4 = n
II
5 =
1
2
(L0ω − I0)
nIII1 = −
1
8(d− 2)q2 [6(d− 3)J0 + (d+ 1)q
2L0 − 12
(
I0ω + L0m
2 − L0ω2
)
]
nIII2,3,4 =
1
4(d− 2)(d− 1)q2 [d
2q2 (I0 − L0ω)− 2
(
d2 − 4d+ 3)ωJ0
−2d (∆+ I0 (q2 − 2ω2)+ L0ω (−2m2 + 2ω2 − q2))
+4∆+ 4I0m
2 − 4I0ω2 − q2L0ω − 4L0m2ω + 4L0ω3]
nIII5,6,7 =
1
8(d− 2) [−4I0ω − 2J0 + q
2L0 − 4L0m2 + 4L0ω2]
nIII8,9,10 =
1
16− 8d [−4dI0ω + 4dL0ω
2 + 4I0ω − 2J0 + q2L0 − 4L0m2 − 4L0ω2]
nIII11,12,13 =
1
4(d− 2)(d− 1) [4d∆+ I0
(
4
(
(d− 3)m2 − (d− 1)ω2)− (d− 2)q2)
−2(d− 1)ωJ0 + dq2L0ω − 4dL0m2ω + 4dL0ω3 − 8∆− q2L0ω + 4L0m2ω − 4L0ω3]
nIII14 =
1
4(d− 2)(d− 1) [2I0
(
2
(
d2 − 1)ω2 + (d− 2)q2 + 2(7− 2d)m2)− 4d2L0ω3
−10d∆+ 6(d− 1)ωJ0 − 3dq2L0ω + 12dL0m2ω + 20∆+ 3q2L0ω − 12L0m2ω + 4L0ω3]
Appendix B: THE COEFFICIENTS OF THE LOOP CORRECTIONS
In this appendix, we collect the explicit formulae for the chiral expansion of the decuplet baryon magnetic moments
at O(p2) in Table V and O(p3) in Tables VI and VII, respectively.
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baryons βpiT β
K
T β
η
T β
pi
N β
K
N β
η
N
∆++ 2
3
2
3
0 2 2 0
∆+ 2
9
4
9
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3
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3
0
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9
2
9
0 − 2
3
2
3
0
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3
0 0 −2 0 0
Σ∗+ 4
9
2
9
0 4
3
2
3
0
Σ∗0 0 0 0 0 0 0
Σ∗− − 4
9
− 2
9
0 − 4
3
− 2
3
0
Ξ∗0 2
9
− 2
9
0 2
3
− 2
3
0
Ξ∗− − 2
9
− 4
9
0 − 2
3
− 4
3
0
Ω− 0 − 2
3
0 0 -2 0
TABLE V: The coefficients of the loop corrections to the magnetic moments of the decuplet baryons from Fig. 2(d). The
subscripts “T ” and “N” denote the decuplet and octet baryon within the loop while the superscripts denote the pseudoscalar
meson.
baryons γpiaT γ
K
aT γ
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TABLE VI: The coefficients of the loop corrections to the magnetic moments of the decuplet baryons from Fig. 2(a).
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